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Let 9 be a finite topology. If  P and Q are open sets of Y (Q may be the null 
set) then P is a miniial cover of Q provided Q C P and there does not exist any 
open set R of Y such that Q C R C P. A subcollection 9 of the open sets of 3 is 
termed an i-discrete collection of Y’ provided 9 contains every open 0 E 9 
with the property that n D C 0 C u 9, 9 contains exactly i minimal covers 
of n 9, and provided u 9 = v{O 1 0 E 9 and 0 is a minimal cover of n ZB]. 
A single open set is a O-discrete collection. The number of distinct i-discrete 
collections of 5 is denoted by p(Y, i). I f  there does not exist any i-discrete col- 
lection then p(Y-, i) = 0, and this happens trivially for the case when E’ is greater 
than the number of points on which .7 is defined. The object of this article is to 
establish the theorem: For any finite topology 9, the quantity E(Y) = 
g, (-l)ip(T, i) = 1. 
Let Y be a finite topology. Under the partial ordering relation of set 
inclusion the open sets of F form a distributive lattice. A Euler-Poincare 
type characteristic for this lattice is established here in the form of the 
following: 
THEOREM. For any finite topology Y, the quantity 
E(9-) = fJ (-l)ip(T, i) = 1. 
i=O 
The numbers p(f, i) and associated concepts are defined in the Abstract. 
The equation E(F) = 1 involves ~(9, 0), the number of open sets of YT, 
and so relates to certain recent investigations concerned with the cardiualit~es 
of finite topologies. (See, for example, [l].) 
The demonstration of the Theorem depends on an elementary Lemma 
which will now be stated without proof. The letter W will be used throughout 
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to denote some finite point set. Let x E N and suppose that % is a topology on 
N - x. A collection 7 of subsets 0 of N is said to be generated (from %) 
by x and an open set P E % provided 9 satisfies the requirement: 0 E Zf iff 
either (1) 0 = Q + x, where Q E % or (2) 0 C P and 0 E a’. 
LEMMA. Let 42 be a topology on N - x, x E N, und suppose that P E %. 
If F is generated by x and P, then .F is a topology on N. 
In the converse direction, if F is a topology on N with an isolated point x, 
42 is the topology induced by 9 on N - x and P = N - closure of x in 9, 
then F is generated by x and the open set P of a. 
Remark. (a) It should be observed that, in the second statement of the 
Lemma, the existence of an isolated point is guaranteed if r is T,, . 
(b) The Lemma can be developed to provide a method for the recursive 
construction of finite labeled TO topologies. It is thus related to the question 
of how many partial orders there are on a set of n elements and to the asso- 
ciated problem of finding nontrivial upper bounds for this number. These 
topics have been studied by several authors. (See, for example, [2] and [3].) 
The notation (A: Y), where A and Y are subsets of N, will be used to 
represent the family of subsets {A u B j ia C B _C Y>. Moreover, this notation 
will also indicate that A and Y are disjoint sets. For the rest of this para- 
graph fl is assumed to be a TO topology on N. It can be shown that in this 
case an open set P is a minimal cover of an open set Q provided Q C P and P 
contains just one point more than Q. It follows that an i-discrete collection 
9 of 9’ determines uniquely an 0 E f and an i-point subset Y of N such that 
O~Y=~and5B=(O:Y).Conversely,if5B=(0:Y)_C~forsomeO~~ 
and with Y containing precisely i points then9 is an i-discrete collection. Either 
or both 0, Y may be the null set. In case Y = ~5, (0: Y) consists of the single 
open set 0, and (0: m) is a O-discrete collection. If OE yand 0 CN, then the 
T,, property of 9- ensures the existence of a nonvoid Y such that (0: Y) is an 
i-discrete collection, for some i 2 1. If a1 = (0,: Y,) and gz = (0,: Y,) are 
discrete collections, then it is clear that g3, = 59% iff O1 = 0, and Y1 = Y, . 
Proof of the Theorem. Suppose that 7 is a topology defined on the 
point set N. For each point x, let x* be the minimal open set of 9- containing 
x. Then f is a TO topology iff x* = y* implies x = y for all points x, y EN. 
Assume first that r is not TO . Define an equivalence relation R on N by 
requiring that xRy iff x* = y*. Th en the quotient topology F/R is TO 
(this fact has been stated previously by several authors, as in [I]). Moreover, 
the map which carries each point x, in N, to the equivalence class that con- 
tains x, in N/R, induces a natural one to one correspondence between the 
i-discrete collections of r and F/R, for all i. Hence E(F) = E(F/R) and 
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the problem has been reduced to proving the Theorem for a, spaces only. 
For the rest of the proof it will therefore be assumed that 9 is a T, topology. 
The proof continues by induction. Let 9 denote the one topology definable 
on the single element set {z}. Since * = (a, (z}>: therefore the O-discrete 
collections are (a : ~a> = { @} and ((z): a) = ((z}>, so that ~(9, 0) = 2. 
(a : {z>) = {of (z>> is the only l-discrete collection and so ~(9~ I) = 1. 
obviously p(S, i) = 0 for i > 1. The Theorem is therefore true for tbe 
single one point topology. Now suppose that N contains pz points and assume, 
as the hypothesis of induction, that the Theorem is true for all topologies 
definable on sets with IZ - I points or less. 
Since p(F, i) = 0 for i > n, therefore it will be sufficient to prove that 
Cy==,<- l>i p(r, i) = 1. By the Lemma, 9 is generated by an x E N and an 
open set of a (n - I point) T, topology %! on N - x. The family of i- 
discrete coilections of 7 can now be partitioned into three mutually exclusive 
classes denoted by (i; I}, {i; 21, and (i; 3) and characterized by the following 
properties: if (0: Y) is an i-discrete collection of r, then (1) (0: Y) E {i; I> 
iff xE0 and (since On Y= @) ~6% (2) (0: (i; 2) iff x $0 and 
x $ Y; and (3) (0: Y) E (i; 3) itT x # 0 and x E Y. fine pi(F, i), j = 1, 
2, 3 to be the number of i-discrete collections tb Ice up (i; j) and let 
i!.P(~) = cy-,(- l)i pyr, 1’). I mmediate and trivial ~o~seq~~~ces of these 
definitions are: 
(a) p”(r, 12) = 0, 
(b) ~~(7, n) = 0, 
(c) p”(F, 0) = 0. 
Now assume that 0 E f-, Y _C N, and 0 n Y = m. Then it can be easily 
proved that: (A) (0: Y) E {i; l} iff x E 0 and (0 - x: Y) is an i-discrete 
collection of %‘; (B) (0: Y) E (i; 2) iff 0 u Y _C P and (0: Y) is an i-dis~~~t~ 
collection of a; and (C) (0: Y) E (i; 3) iff x E Y, 0 w  (Y - x) C P and 
(0: Y - x) is an (i - 1)-discrete collection of S. A consequence of (A) is 
that p’(y, i) = p(%, i) for all i < y1 - 1. Therefore by (a) and the induction 
hypothesis: 
n-1 
(Al) El(9-) = c (-l>ip(&> i) = I. 
i=O 
Two choices of P are possible. First suppose (1) that P # o so that 
contains n’ points for some n’ > 1. Let V be the subspace induced by & on 
the open set P. Then (B) implies p”(y, i) = p(V, i) for all i < n’ and 
p”(r, i) = 0 if i > n’. Therefore (b) and the induction hypothesis imply: 
I) lP(F) = 5 (-l)ip(V, i) = 1. 
i=O 
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From (C) it follows that p3(Y, i) = p(V, i - 1) for all i in the range 0 < 
i < ~1’ + 1 and that p3(Y, i) =,O for i > n’ + 1. Once more the induction 
hypothesis, with (c), yields: 
FL'+1 
(Cl) E3(F) = c (-l)ip(V, i - 1) = - 5 (-l)kp(v, k) = -1. 
i=l k=O 
Next suppose (2) that P = 0. In this case it is clear that x is an element of 
every nonvoid open set of F. Hence, by the definitions of {i; 2) and {i; 3) it 
follows that (o : ia) is the only element of (0; 2) and p”(Y, i) = 0 for i > 0. 
Also (m: {x)) is the only element of (1; 3) andp3(Y, i) = 0 for i > 1. Hence, 
again, (B2) I?(Y) = 1 and (C2) E3(Y) = - 1. Therefore, whatever be the 
choice of P, E(Y) = El(Y) + P(Y) + E3(Y) = 1 + 1 - 1 = 1. This 
completes the proof of the Theorem. 
An intuitive appeal can be associated to the Theorem on considering the 
Hasse diagram of the lattice formed by the open sets of 9 under the partial 
ordering relation of set inclusion. This diagram, henceforth identified as the 
Hasse diagram of Y-, consists of “vertices” representing the open sets of 9, 
and straight lines joining pairs of vertices. Since the lattice structures formed 
by the open sets of Y and 5/R (where R is the equivalence relation indicated 
in the proof of the Theorem) are the same, for the rest of this paper attention 
is restricted to To spaces only. In the Hasse diagram of a topology 9, the 
vertices are arranged and distributed along horizontal rows and a vertex 
representing an open set 0 is connected by a descending line to a lower level 
vertex representing an open set P it?? P C 0 and cardinality (0 - P) = 1. 
Further, the lines connect vertices located on adjacent levels only. By the 
subdiagram below some vertex z, of a Hasse diagram is meant that part of 
the diagram such that every vertex of this part is accessible from the vertex ~1, 
which itself belongs to the subdiagram, by a sequence of steadily descending 
lines. The Lemma now indicates a recursive method for constructing the 
Hasse diagrams of To topologies on n point sets. Suppose that all the Hasse 
diagrams of the n - 1 point topologies have been previously constructed. 
Choose an arbitrary vertex v of one such Hasse diagram, construct an 
exact replica of the subdiagram below the vertex v such that (1) this replica 
and the original diagram do not overlap and (2) the highest vertex of this 
replica (that is, the vertex corresponding to v in the original diagram) is 
located on the horizontal row just below the level of the chosen vertex v. 
Finally, join (only) the corresponding pairs of vertices of the parent diagram 
and the replica by single descending straight lines stretching between adjacent 
levels. The product is the Hasse diagram of some yz point topology. 
The following Hasse diagram of a 9 point topology ~7 provides an illustra- 
tion of the Theorem. Clearly, a l-discrete collection is displayed in the form of 
a “line.” a 2-discrete collection is exhibited in the form of a “face” like 
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ABCD, and a 3-discrete collection appears in the form of a “cube” like ABC 
DEFGH. It is now evident that E(T) = number of (O-discrete collections - 
I-discrete collections + Zdiscrete collections - 3-discrete collections) = 
number of (vertices - lines + faces - cubes) = 21 - 33 -/- 15 - 2 = 1. 
ACKNOWLEDGMENT 
The author would like to thank the referee for his constructive comments, which le 
to an improvement in the presentation of this paper. 
REFERENCES 
1. R. P. STANLEY, On the number of open sets of finite topologies, L Combinatorid 
Theovy 10 (1971), 74-79. 
2. D. KLEITMAN AND B. ROTHSCHILD, The number of finite topologies, PKW. Amer. Myth. 
Sot. 25 (1970), 276-282. 
3. K. K-H. BUTLER AND G. MARKOWSKY, Enumeration of finite topologies, in “Proc. 4-th. 
Southeastern Conf. on Combinatorics, Graph Theory and Computing (Winnipeg),” 
pp. 169-184. 
